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Large-Eddy Simulation of Supersonic
Compression-Ramp Flow by High-Order Method

Donald P. Rizzetta,¤ Miguel R. Visbal,† and Datta V. Gaitonde¤

U.S. Air Force Research Laboratory, Wright–Patterson Air Force Base, Ohio 45433-7521

A high-order method is used to perform large-eddy simulationsof a supersonic compression-ramp � ow� eld. The
procedure employs an implicit approximately factored � nite difference algorithm, which is used in conjunction
with a 10th-order nondispersive � lter. Spatial derivatives are approximated by a sixth-order compact scheme, and
Newton-like subiterations are applied to achieve second-order temporal accuracy. In the region of strong shock
waves, the compact differencing of convective � uxes is replaced locally by an upwind-biased scheme. Both the
Smagorinsky and dynamic subgrid-scale stress models are incorporated in the simulations. Details of the method
are summarized, and a number of computations are carried out. Comparisons are made between the respective
solutions as well as with available experimental data and with previous numerical results.

Nomenclature
E = total speci� c energy
Ek = normalized spanwise turbulent kinetic energy

spectra
F; G; H = inviscid vector � uxes
Fv; Gv; Hv = viscous vector � uxes
J = Jacobian of coordinate transformation
k3 = nondimensionalwave number in z direction
L x ; L y; L z = nondimensionaldomain extents
lr = reference length
Mr = reference Mach number
Pr = Prandtl number; 0.73 for air
Prt = turbulent Prandtl number
p = nondimensionalstatic pressure
Q = vector of dependent variables
qi = components of heat � ux vector
Re = reference Reynolds number, ½r ur lr =¹r

Reµ = momentum thickness Reynolds number
Si j = rate-of-strain tensor
SM = magnitude of the rate-of-strain tensor
T = nondimensionalstatic temperature
t = nondimensional time
U; V ; W = contravariant velocity components
u; v; w = nondimensionalCartesian velocity components

in x; y, and z directions
ur = reference velocity
u¿ = friction velocity
u1; u2; u3 = u; v; w
uC = u=u¿

x; y; z = nondimensionalCartesian coordinates
x1; x2; x3 = x; y; z
° = speci� c heat ratio; 1.4 for air
1 = eddy-viscosity length, grid-� lter width
1Q = Qp C 1 ¡ Qp

1t = time step size
1x; 1y; 1z = mesh step sizes
O1=1 = test-� lter width to grid-� lter width ratio
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± = nondimensionalboundary-layer thickness
±i j = Kronecker delta function
±» 2; ±´2; ±³ 2; = second- and sixth-order � nite-difference
±» 6; ±´6; ±³ 6 operators in »; ´, and ³ directions
±¤ = nondimensionalboundary-layerdisplacement

thickness
µ = nondimensionalboundary-layermomentum

thickness
¹ = nondimensionalmolecular-viscositycoef� cient
¹t = nondimensionaleddy-viscositycoef� cient
»; ´; ³ = computationalcoordinates
»t ; »x ; »y; »z; = metric coef� cients of the coordinate
´t ; ´x ; ´y ; ´z; transformation
³t ; ³x ; ³y ; ³z

½ = nondimensional� uid density
Äz = nondimensionalcomponent of vorticity in z

direction
Subscripts

i = inviscid value
m = time-mean value
r = dimensional reference value
vD = van Driest component
w = evaluated at the wall
0 = evaluated at the in� ow location
1 = evaluated upstream of interaction

Superscripts

n = time level
p = subiteration level
N = large-scale component
Q = Favre-averagedcomponent
O = test-� ltered component
0 = � uctuating component
C = value given in law-of-the-wall units

Introduction

D IRECT numericalsimulation(DNS) is characterizedby severe
resolution requirements of � ows at high Reynolds numbers,

especially near wall-bounded regions. Advances in the speed and
storage capacity of computing machinery, however, have made it
possible to perform DNS for a restricted class of turbulent � ow-
� elds. Although currently limited to relatively low Reynolds num-
bers and to simple geometric con� gurations,such computationscan
be extended through the use of large-eddy simulation (LES). This
is accomplished in LES by leaving small-scale � uid structures spa-
tially underresolvedand accountingfor them by means of a subgrid-
scale (SGS) turbulence model. Although DNS and LES have quite
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generalapplicability,until recently,the majorityof � ows considered
by these methods have been incompressibleor subsonic.

LES of supersonic � ows are useful for studying compressibility
effects, which can appreciably alter the � uid physics, including a
substantial reduction in turbulence intensity levels.1 Such studies
increase the understandingof turbulence mechanisms and can lead
to thedevelopment,improvement,and testingof lower-orderclosure
models.Despiteremainingcomputationallyintensive,LES alsomay
be bene� cial for practical applications in the design and analysis of
high-speed� ight vehicles and associatedpropulsionsystems where
less sophisticatedapproaches fail.

One of the � rst signi� cant direct supersonic simulationswas that
of Rai et al.2 for a turbulent spatially evolving boundary-layer� ow
at a Mach number of 2.25 and Reµ ¼ 6 £ 103. A correspondingLES
of this same case was carried out by Spyropoulos and Blaisdell,3

employing the dynamic subgrid stress model of Germano et al.4 on
coarser computational meshes. Both of these simulations utilized
a � fth-order-accurate, upwind-biased � nite difference description
of inviscid � uxes, which was used in conjunction with a centered
fourth-order-accurate approximation for viscous terms and were
integrated in time by an implicit iterative technique.

The DNS ofLee et al.5 and LES ofDucros et al.6 havebeenused to
study interactionsof isotropicturbulencewith a normal shockwave.
Although the shock was relatively weak, simulations indicated that
the increasein turbulencekineticenergy due to the interactioncould
not be predicted by linear theory.

Because of their geometric simplicity but � uid complexity,
supersonic-compression ramp � ow� elds have been studied exten-
sively,both experimentallyand computationally.Andreopoulosand
Muck7 observed large-scale shock-wave oscillationsat a frequency
that was found to correlatewith the bursting phenomenonof the up-
streamboundarylayer.Smits and Muck8 obtaineddetailedmeasure-
mentsof the � uctuating� ow� eld,whichcon� rmed that observation.
Experiments performedby Dolling and Murphy9 at a Mach number
of 3.0, however, detected shock-wavemotion that was random.This
resultwas veri� ed by Dollingand Or,10 who noted that incipientsep-
aration occurred for a ramp angle of 16 deg. A resolutionof the ap-
parent controversyover theseobservationswas arrived at by Erengil
andDolling,11;12 who concludedthat the shockmotioncontainsboth
large-scale and small-scale � uctuations.Whereas these oscillations
are generally random, there is a correlationbetween the shock-wave
motion and pressure � uctuations in the upstream boundary layer.

Computational investigations of supersonic compression-ramp
� ows have most often employed Reynolds-averaged equations in
conjunction with mean turbulence models. Such efforts have met
with limitedsuccess in the predictionof quantitiessuch as heat trans-
fer and skin friction, particularly for situationswith large reversed-
� ow regions.13 It is postulated that this dif� culty may be due in part
to the disparity between the time-mean and instantaneous shock-
system structure. In addition, the models and resultant computa-
tions often fail to account for compressibility effects or the three
dimensionality of the � ow� eld.

Hunt and Nixon14 performed a very large-eddy simulation of a
24-deg compression ramp at Mach 2.8, which indicated a correla-
tion between upstream� uctuationsand shock-wavemotion. For the
Mach 3.0 � ow past an 8-deg ramp, no separation was found in the
LES of Urbin et al.15 Some preliminaryresultswere later obtainedat
a ramp angle of 25 deg (Ref. 16). Adams17;18 carried out a DNS for
an 18-deg compression ramp at Mach 3.0, which indicated a small
region of reversedmean � ow but no large-scaleshock-wavemotion.

The present effort considers LESs of supersonic compression-
ramp � ow by application of a time-implicit high-order compact
� nite difference scheme, which is used in conjunction with a
10th-order spatial � lter. This technique previously has been used
successfully by Rizzetta et al.19 for subsonic LES of channel and
cylinder � ow� elds. In regions of shock waves, the compact differ-
encing of convective � uxes is replaced locally by an upwind-biased
scheme. The governing equations are summarized, including a de-
scription of the SGS stress models, and details of the numerical
procedure are presented. Computations are performed for the su-
personic � ow past a compression ramp. LES results are compared,
along with available experimentaldata and with a previous existing
computation.

Governing Equations
The governing equations are the unsteady three-dimensional

compressible Favre-� ltered Navier–Stokes equations, written in
nondimensionalvariables and expressednotationally in the follow-
ing conservative form:
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The � ltered form of an arbitrary variable f is given by

Nf D
Z

V
G f dV (2)

where G is the grid � ltering function and the integration is carried
out over the entire � ow domain. This allows f to be decomposed
into its large-scale, Nf , and subgrid-scale, fsg, components

f D Nf C fsg (3)

It is then convenient for compressible� ows to recast the large-scale
component in terms of a Favre-averagedvariable

Qf D ½ f = N½ (4)

With this formulation, the vector of dependent variables is given
as
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and the vector � uxes by
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where

QU D »t C »xi Qu i (12)
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In the preceding expressions, Qu; Qv, and Qw are the Cartesian veloc-
ity components, N½ is the density, Np is the pressure, and QT is the
temperature. All length scales have been nondimensionalizedby a
representative distance lr , and dependent variables have been nor-
malized by their reference values except for Np, which has been
nondimensionalizedby ½r u2

r . Components of the stress tensor and
heat � ux vector may be expressed as
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whereas the correspondingSGS stress and heat � ux are providedby

¿i j D ¡Re N½.gui u j ¡ Qui Qu j / (18)

Qi D Re N½.gui T ¡ Qui
QT / (19)

For DNS, all variables may be replaced by their un� ltered forms
and ¿i j and Qi vanish,whereas for large-eddycomputations,¿i j and
Qi are obtained from the SGS model.

The Sutherland law for the molecular viscosity coef� cient Q¹ and
the perfect gas relationship

Np D N½ QT
¯

° M2
r (20)

are also employed, as is the Stokes hypothesisfor the bulk viscosity
coef� cient.

Smagorinsky SGS Model
The � rst subgrid stress model was developed for incompressible

� ows by Smagorinsky,20 based on the assumption that the turbulent
kinetic energy production of the small-scale structures is balanced
by dissipation.The compressible version of the model in trace-free
form is given as

¹t D ReC12 N½ QSM (21)

where
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is the magnitude of the rate-of-strain tensor, and
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The eddy-viscosity length scale is taken as

1 D .1=J /
1
3 (24)

which corresponds to the width of the grid � ltering function G in
physical space, C is the eddy-viscositymodel constant, and
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The isotropicpart of the stress tensor, 1
3 ¿kk , may be absorbed into

an effective pressure for low-Mach-number � ows, and the model
degenerates to the original Smagorinsky form. For compressible
applications,this term is accountedfor accordingto Yoshizawa21 as

¿kk D 2C I 1
2 N½ QS2

M (26)

To complete closure of the model, the SGS heat � ux vector is spec-
i� ed in terms of a constant turbulent Prandtl number as
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The original Smagorinsky constant was given by CS D
p

C . In
near-wall regions,CS must be multipliedby the van Driest damping
factor

1 ¡ exp.nC=AC/ (28)

for the eddy viscosity to attain a more correct limiting behavior,
where nC is the normal distance from the solid surface in law-of-
the-wall coordinates and AC is the van Driest constant.

Dynamic SGS Model
The dynamic SGS model was � rst proposed by Germano et al.4

for incompressible � ows and extended by Moin et al.22 for com-
pressible applications. Its general formulation is identical to that
of Smagorinsky20 and Yoshizawa21 given by Eqs. (21–27). In this
description, however, the model constants C and CI are computed
as a function of time and space from the energy content of the re-
solved large-scale structures. This is accomplished by introducing
a test � lter function OG , with a � lter width that is wider than the
computationalmesh, where its application is represented as
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Differences between the subtest-scale stress and the SGS stress are
then used to obtain values for the model constants. Details of the
derivation may be found in Refs. 4, 22, and 23, which result in
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The normal stress constant is given by
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For the preceding expressions, the quantities enclosed by angle
brackets h i indicate that a spatial average is to be performed along
directions in which a particular � ow may be homogeneous. This
averaging process is introduced to regularize the distribution of the
model coef� cients, whose construction is highly ill conditioned.

When extended to the heat � ux vector, the analysis also allows
the turbulent Prandtl number to be determined as

Prt D C12 hNi Ni i
h¡Ki Ni i

(34)

where
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cN½ QT (35)
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The only adjustable parameter inherent in the model is the ratio
of the test-� lter width to the grid-� lter width, O1=1. For all of the
computations presented here, this ratio is taken as 2.0, which is
consistent with the formulation of Germano et al.4

Numerical Method
Time-accurate solutions to Eq. (1) were obtained numerically

by the implicit approximately factored � nite difference algorithm
of Beam and Warming24 employing Newton-like subiterations(see
Ref. 25), which has evolved as an ef� cient tool for generating so-
lutions to a wide variety of complex � uid � ow problems and which
may be represented notationally as follows:
"

I C
³

21t

3

´
±» 2

³
@Fp

@Q
¡ 1

Re

@Fp
v

@Q

´#

£

"
I C

³
21t

3

´
±´2

³
@Gp

@Q
¡ 1

Re

@Gp
v

@Q

´#

£

"
I C

³
21t

3

´
±³ 2

³
@H p

@Q
¡ 1

Re
@H p

v

@Q

´#

1Q D ¡
³

21t

3

´

£

"³
1

21t

´
.3Qp ¡ 4Qn C Qn ¡ 1/ C ±»6

³
Fp ¡ 1

Re
Fp

v

´

C ±´6

³
Gp ¡ 1

Re
Gp

v

´
C ±³ 6

³
Hp ¡ 1

Re
Hp

v

´#
(37)

In this expression, which was employed to advance the solution
in time, Qp C 1 is the p C 1 approximation to Q at the n C 1 time
level Qn C 1, and 1Q D Qp C 1 ¡ Qp . For p D 1, Qp D Qn . Second-
order-accurate, backward-implicit time differencing has been used
to represent temporal derivatives.

The implicitsegmentof thealgorithmincorporatedsecond-order-
accurate centereddifferencingfor all spatialderivativesand utilized
nonlineararti� cial dissipation26 to augment stability.Ef� ciency was
enhancedby solvingthis implicit portionof the factorizedequations
in diagonalized form.27 Temporal accuracy, which can be degraded
by use of the diagonal form, is maintainedby utilizing subiterations
within a time step. This technique has been commonly invoked to
reduceerrorsdue to factorization,linearization,and explicitapplica-
tionof boundaryconditions.It is useful for achievingtemporal accu-
racy on oversetzonalmesh systemsand for a domain decomposition
implementationon parallel computingplatforms.Any deterioration
of the solution caused by use of arti� cial dissipation and by lower-
order spatial resolution of implicit operators is also reduced by the
procedure. Three subiterations per time step have been applied for
the computationspresented here. This treatment has been shown to
provide acceptable levels of temporal accuracy for the computation
of a convecting vortex28 and the DNS of a forced transitional wall
jet.29

The compact difference scheme employed on the right-hand side
of Eq. (37) is based on the pentadiagonal system of Lele30 and is
capableof attainingspectrallikeresolution.This is achievedthrough
the use of a centered implicit difference operator with a compact
stencil, thereby reducing the associated discretization error. The
sixth-order tridiagonal subset of Lele’s system is illustrated here in
one spatial dimension as
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The scheme has been adapted by Visbal and Gaitonde28 as an im-
plicit iterative time-marching technique, applicable for unsteady
vortical � ows. It is used in conjunction with a 10th-order nondis-
persive spatial � lter developedby Gaitonde et al.,31 which has been
applied after every subiteration in the present computations and
which has been shown to be superior to the use of explicitly added
arti� cial dissipation for maintaining both stability and accuracy on
stretched curvilinear meshes.28

Repeatedapplicationof the spatial � lter can result in shock waves
that are excessively diffuse. This de� ciency is overcome by re-
placing the compact-differencingof convective derivatives and use
of � ltering, by Roe’s upwind-biased scheme,32 using the MUSCL
approach33 with van Leer’s harmonic limiter,34 locally in regionsof
shock waves. The switch of Swanson and Turkel,35 which is based
on the second differenceof pressure, is used as a sensor to determine
where these regions occur.

In the computationsthat follow, the test � lter incorporatedfor the
dynamic subgrid stress model was formulated as a one-dimensional
seven-point explicit centered stencil in each coordinate direction.
Coef� cients of the stencil were obtained by performing a least-
squares curve � t of the � lter transfer function to that of a sharp-
cutoff � lter, where the � lter width was approximately twice that
of the 10th-order spatial � lter that was employed for solution of
the � ow equations. Spatial derivatives that must be evaluated for
the computation of QSM were approximatedby fourth-order explicit
stencils, and the dynamic SGS model constants were numerically
restricted such that

C ¸ 0:0; CI ¸ 0:0; Prt ¸ 0:2 (40)

This restriction was required because certain quantities, appearing
in the denominator of the expressions used to evaluate the model
coef� cients, vanished in the inviscid regions of the � ow� eld.

The aforementioned features of the numerical algorithm are
embodied in an existing fully vectorized time-accurate three-
dimensional computer code, FDL3DI,36 which has proven to be
reliable for steady and unsteady � uid � ow problems, including the
simulationof � ows overdeltawingswith leading-edgevortices,37¡40

vortexbreakdown,38¡40 DNS of transitionalwall jets29 and synthetic
jet actuators,41 and DNS and LES of subsonic channel and cylinder
� ow� elds.19

Results
Reference conditions for the computations considered here are

lr D 2:41£ 10¡4 m, Mr D 3:0, Re D 6:5 £ 103 , and Reµ D 1:696 £
103. In the results that follow, large-scale variables were decom-
posed into time-mean values and � uctuating components as, for
example,

Qu D um C u0 (41)

The reference velocityur was taken as the freestreamvalue, and for
Smagorinsky20 LES computations the following parameters were
speci� ed:

CS D 0:065; C I D 0:0066; AC D 25:0 (42)

For the purpose of comparison, computations were performed
in which no explicit subgrid-stress model was employed. Because
it could not be established that all important structures were ade-
quately resolved in such calculations, these are not referred to as
DNS. They may, however, be considered to correspond to LES,
whereby the characteristics of the numerical scheme provide an
implicit SGS model. This technique has commonly been referred
to as monotonically integrated LES.42;43 In the present applica-
tions, this implicit dependence is accounted for by the high-order
nondispersivespatial � lter.

Compression-ramp solutions were generated at conditions cor-
responding to the DNS of Adams17;18 for the Mach 3.0 � ow past
an 18-deg corner. In Adams’s computations, the Reynolds number



RIZZETTA, VISBAL, AND GAITONDE 2287

based on freestream quantities and the mean momentum thickness
of the incoming boundary layer was 1685, and the computational
domain was discretized with 1:44 £ 107 grid points. An analysis
of the solution indicated that the � ow� eld was “suf� ciently well
resolved.”18 Although a small region of mean separated � ow de-
veloped about the corner, no large-scale shock wave motion was
detected.

For the present simulations, a computational domain size was
taken to be similar to that of Adams,17;18 which is given in terms of
the mean incoming boundary-layer thickness ±0 as

L x D 28:1±0; L y D 4:7±0; L z D 2:9±0 (43)

where L x ; L y , and L z are streamwise, vertical, and spanwise ex-
tents, respectively. The vertical extent L y corresponds to the do-
main height at the in� ow location. Grid spacing is uniform in the
streamwise direction, except in the region near the corner. Beyond
the streamwise extent L x noted in Eq. (43), rapid stretching of the
streamwise mesh to the out� ow boundary was employed to provide
a nonre� ective buffer zone. In the vertical direction at the in� ow
boundary,geometric stretchingof the y grid lines was utilized,with
a constant mesh spacing ratio of 1.017.

A two-dimensionalgridwas ellipticallygeneratedin an x – y plane
using automated software44 to maintain orthogonalitybetween grid
lines. The two-dimensional grid was then uniformly distributed
along the span, where constant spacingand a � ve grid plane overlap
at domain boundaries was employed. Dimensions of the grids for
these computations appear in Table 1. At the in� ow location, the
grid had the following minimum spacings in wall units:

1xC D 15:1; 1yC D 1:4; 1zC D 8:3 (44)

Based on the mean incoming pro� le, 79 of the 151 vertical grid
points were within the boundary layer.

In� ow data for the compression-rampsimulations were obtained
froma spatiallyevolving� at-plateDNS, whichwas used to generate
pro� les similar to those of Adams.17;18 This computation itself re-
quired a separate DNS to effect transition on the plate. A schematic
representationof the process is given in Fig. 1. The procedure con-
sisted of employing a temporal half-channel DNS centered at the
plate in� ow boundary, with symmetry conditions enforced at the
top of the domain, and an arti� cial source term introduced as a
driving mechanism to mimic an imposed zero pressure gradient,
thereby maintaining a � xed mass-� ow rate.19 Periodic conditions
were speci� ed in the streamwise direction, which had an extent of
10±0. After perturbing the half-channel � ow� eld, it was allowed to
evolve temporally to a fully turbulent state, and � uctuating data at
the streamwise center location were recorded.

The � at-plate computational domain was initialized with a com-
pressible Blasius pro� le, where the boundary-layer thickness was
approximately ±0=3 to allow for streamwise growth. Because the
recorded half-channel DNS pro� les were unlike those of a bound-
ary layer,only the � uctuatingcomponentswere retained.Thesewere
then rescaled in the vertical direction to match the Blasius pro� le

Table 1 Compression-ramp � ow grids

Reference Grid size

Present .421£ 151£ 81/

Adams17;18 .1000£ 180£ 80/

Fig. 1 Schematic of computational domains used to generate in� ow
pro� les.

thickness and used as perturbations to the � at-plate in� ow. Tran-
sition occurred in a short distance downstream from in� ow. The
simulation was allowed to proceed suf� ciently long so that reliable
mean � ow� eld information could be collected. The streamwise lo-
cation at which Reynolds number Reµ most closely matched that of
Adams17;18 was determined,and instantaneousvalues for all depen-
dent variables were extracted.

As was done by Adams17;18 to reduce computational expense,
instantaneous values were recorded for a nondimensional period
t D 70±0. The data were then made periodic by � tting a Fourier
series to each variable at every grid point on the in� ow boundary.
A total of 2267 samples (one per time step) were collected, which
were approximatedby 600 terms in the series. The resultant in� ow
data could then be recycled into the compression-rampdomain for
computationaltimes greater than t D 70±0 . This procedure,which is
essentially identical to that of Adams,17;18 avoids arti� cial forcing
of the boundary layer at a frequency below its characteristic value
and ensures that the in� ow data are suf� ciently decorrelatedbefore
they are recycled.18

Because the vertical and spanwise grids for the half-channel,
� at-plate, and compression-ramp in� ow domains are identical, no
spatial interpolation of the solutions was required. A comparison
of the mean incoming boundary-layer parameters with those of
Adams45 is found in Table 2. Although the momentum thickness
µ0 closely matched Adams’s value, the displacement ±¤

0 was con-
siderably smaller due differences in the streamwise velocity pro� le.
This is demonstrated by the mean streamwise velocity pro� les in
Fig. 2. The presentresult resembles thatof a fully developedequilib-
rium turbulent boundary layer, whereas those of Adams seem to be
transitional. In addition, although � uctuating quantitieswere quali-
tatively similar to those of Adams, their magnitudeswere somewhat
higher. Also presented in Fig. 2 are � uctuating streamwise velocity
pro� les. Once again, the current pro� le is representative of a fully
turbulent boundary layer.

For all simulations, including those used to generate in� ow data,
the time step was speci� ed as 1t D 0:1. A preliminary solutionem-
ploying no subgrid model was obtained on a coarse computational
mesh and interpolatedto the nominalgrid. Flow� elds for each com-
putation were then initialized with this basic solution. Every case
was then allowed to evolve for one period of the cycled in� ow pro-
� les (2267 time steps) to attain a turbulent equilibrium state. This
corresponded approximately to 2.5 � ow times through the stream-
wise extent L x noted in Eq. (43). Solutions then continuedto evolve
for an additional 5.5 periods of the in� ow data, corresponding to

Table 2 Mean incoming boundary-layer parameters

Reference ±0 µ0 ±¤
0 C f 0 Reµ0

Present 3.202 0.261 0.834 2:634£ 10¡3 1696
Adams45 3.239 0.259 1.381 2:651£ 10¡3 1685

Fig. 2 Spanwise-averaged mean and � uctuating streamwise velocity
pro� les for in� ow.
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Fig. 3 Spanwise-averaged mean skin-friction correlation for � ow up-
stream of the corner.

Fig. 4 Spanwise-averaged � uctuating streamwise velocity pro� les for
� ow upstream of the corner.

12,469 time steps and 13.9 � ow-through times, over which statisti-
cal information was recorded.

At the in� ow boundary, instantaneous values obtained by the
aforementioned procedure were prescribed for all dependent vari-
ables. Simple extrapolation was employed at the out� ow plane
downstream of the stretched-mesh region. On the solid surface, the
no-slipconditionwas enforcedtogetherwith a fourth-order-accurate
representation of zero normal pressure gradient. The isothermal
temperature T D 2:522 was also speci� ed along this surface, cor-
responding to the condition of Adams.17;18 Because the top of the
computationaldomain was located above the shock, simple extrap-
olation was applied along the upper boundary.At the spanwise ends
of the domain, periodicity was implemented using the overlapping
grid planes.

Shown in Fig. 3 are the � at plate skin-frictioncoef� cient correla-
tions of Hopkins and Inouye.46 Here, both C f and Reynolds num-
ber Reµ have been corrected for compressibility according to the
van Driest II (see Ref. 46) scaling. Experimental data collected for
1:5 · M1 · 5:8, along with the empirical relationship of Karman
and Schoenherr (see Ref. 46) are indicated. The present time-mean
spanwise-averagedresult, taken from the � at-plate region upstream
of the interaction, compares well with the other correlations.

Seen in Fig. 4 is a pro� le of the spanwise-averaged � uctuat-
ing streamwise velocity component, also taken at a location on the
� at-plate portion of the � ow� eld ahead of the interaction. Here the
velocity intensity has been normalized by the wall stress. The ex-
perimental data in Fig. 4 are those appearing in Ref. 47, which cor-
respond to a number of measurements taken at 1:72 · M1 · 4:67.
The present � uctuations are somewhat larger than the data, which
were all collected at a considerablyhigher Reynolds number.

Typical instantaneous results of the no model compression-ramp
� ow� eld solution at the midspan locationare found in Fig. 5. Mach
number contoursare providedin theupperportionof Fig. 5, whereas

Fig. 5 Typical instantaneous Mach number contours for the no-model
case at the midspan location and computational grid in an x–y plane
indicating shock-capturing stencils and solution comparison stations.

Fig. 6 Spanwise-averaged mean surface pressure coef� cient distribu-
tions.

the grid structure is indicated in the lower portion. Areas of the
grid that are blanked out correspond to mesh points where convec-
tive derivatives are obtained via the Roe upwind-biased scheme. In
Fig. 5, only every other i grid and every third j grid line are dis-
played. It is evident that the upwind-biased evaluation is con� ned
locally to a small region surrounding the shock wave, so that accu-
racy of the high-order method is not compromised in other regions
of the � ow� eld. Also seen in Fig. 5 are streamwise locations where
pro� le data will be compared to the solution of Adams,17;18 which
are labeled as 1, 2, and 3, respectively.

Spanwise-averagedtime-meansurfacepressurecoef� cient distri-
butions from the current simulations are presented in Fig. 6, along
with the DNS of Adams.45 All of the present computationsare seen
to be in closeagreementwith eachother,butdifferconsiderablyfrom
Adams’s result. The overall pressure rise is greater than the inviscid
value due to the displacement effect of the boundary layer, which
is appreciable at the low Reynolds number considered here. Corre-
sponding skin-frictioncoef� cient distributionsappear in Fig. 7. It is
noted that the solution of Adams45 predicts a more extensive region
of separation, as well as a greater rise downstream. The disparity
between the respective results is attributed to the differences in the
incoming pro� les.

Although no measurements are available at the � ow conditions
of the compression-ramp simulations, it is useful to compare the
numerical results to experimental data that were taken at higher
Reynolds numbers. The investigations of Smits and Muck8 and
those of Settles et al.13 examined � ows past compression ramps
of varying angles. Table 3 indicates the conditions for these ex-
periments. Measured and computed surface pressure distributions
are shown in Fig. 8. Here, the streamwise coordinate x has been
normalized by ±0, and its origin has been translated to the ramp
corner, as was done in Ref. 13. In addition, the pressure coef� cient
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Table 3 Comparison of � ow conditions

Reference Mr Re±0 Ramp angle, deg

Present 3.0 2:1 £ 104 18
Adams17;18 3.0 2:1 £ 104 18
Smits and Muck8 2.9 1:6 £ 106 16, 20
Settles et al.13 2.85 1:7 £ 106 16, 20

Fig. 7 Spanwise-averaged mean skin-friction coef� cient distributions.

Fig. 8 Spanwise-averaged mean surface pressure coef� cient distribu-
tions.

was normalized by that of the inviscid pressure rise C pi to col-
lapse the data from all ramp angles to a more universal form. The
current pressure distribution correlates well with the experiments,
particularly downstream of the corner. Corresponding skin-friction
distributionsare shown in Fig. 9. Because theexperimentswere con-
ductedat muchhigherReynoldsnumbers than the computations,the
skin-friction coef� cient has been normalized by its value upstream
of the interaction C f 1, to bring the distributions to similar levels.
The 16-deg compression-ramp� ow is unseparated.Greater regions
of reversed � ow occur in the computations than in the 20-deg ramp
experimentsdue to the low Reynoldsnumber. In the recovery region
downstream of reattachment, the present solution is similar to that
of Settles et al.,13 whereas that of Adams17;18 compares favorably
with the data of Smits and Muck.8

Found in Fig. 10 are mean streamwise velocity pro� les in terms
of the van Driest velocity48 normalized by the friction velocity and
plotted in law-of-the-wall units at stations 1 and 3. Station 2 is not
shown in Fig. 10 because the � ow is separated at that location,
and the friction velocity is, therefore, ill formulated. Upstream of
separation at station 1, the solutions compare well with the linear
and logarithmic pro� les. This is not true downstream at station 3
because the � ow has not attained equilibriumfollowing the interac-
tion. Mean pro� les of the streamwise velocity component are also
provided in Fig. 11. It is observed that present solutions are in close
agreement with each other, but differ from the solutionof Adams.45

Fig. 9 Spanwise-averaged mean skin-friction coef� cient distributions.

Fig. 10 Spanwise-averaged mean streamwise velocity pro� les in the
near-wall region.

Fig. 11 Spanwise-averaged mean streamwise velocity pro� les.

The qualitativebehaviorofAdams’s solutionismuch like thepresent
simulations, except that the pro� les have been displaced away from
the wall because of the more extensive separated � ow region. Mean
temperature pro� les are shown in Fig. 12. In this case, the present
solutions are not similar to Adams’s result, for which aerodynamic
heating of the wall occurs at stations 2 and 3.

Fluctuating streamwise velocity components are presented in
Fig. 13. At station 1, the pro� les may be compared with those of the
in� ow in Fig. 2. It is evident that the present solutionshave changed
little from their in� ow states, whereas that of Adams has evolved to
a more fully turbulentcondition.At downstreamstations2 and 3, the
current results are qualitatively similar to those of Adams, except
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Fig. 12 Spanwise-averaged mean temperature pro� les.

Fig. 13 Spanwise-averaged � uctuating streamwise velocity pro� les.

Fig. 14 Spanwise-averaged Reynolds shear stress pro� les.

for the earlier noted displacement.A secondarypeak observed in u 0

at station 3 is associated with the location of the shock wave in the
mean � ow� eld. Reynolds stress pro� les are compared in Fig. 14,
where it is noted that the present solutionshave magnitudes that are
generally greater than those of Adams.45 Fluctuating temperatures
are seen in Fig. 15. As was true for the mean temperature pro� les,
the present results are quite different from those of Adams. All � uc-
tuating quantities in Figs. 13–15 show an expected ampli� cation
downstream of the shock.

Spanwise turbulent energy spectra at speci� c x and y locations
appear in Fig. 16. These locations at stations 1, 2, and 3 lie along
a constant vertical grid index rather than at a constant distance

Fig. 15 Spanwise-averaged � uctuating temperature pro� les.

Fig. 16 Spanwise turbulent kinetic energy spectra.

Fig. 17 Instantaneous X z contours for the no-model case at the
midspan location.

from the wall. At the in� ow boundary, this index has the following
location:

yC D 7:3; y=±0 D 0:034 (45)

Instantaneousspectrahavebeen temporallyaveragedin Fig. 16, and
Ek , has been normalized by its value at k3 D 1. The present results
are consistently higher than those of Adams,45 indicating a greater
level of turbulent kinetic energy present in the � ow� eld.

Becauseof the extensivecomputationalresourcesrequiredto per-
form these simulations,a comprehensivegrid resolutionstudycould
not be performed.Although there exists no concept of grid indepen-
dence for LES,49 it is bene� cial to carry out coarse-grid computa-
tions for the purpose of determining their suitability for practical
applications. Toward this end, LESs were generated on a coarser
grid than that employed here. A description of these computations,
along with other results, may be found in Ref. 50.

Some features of the compression-ramp � ow� eld are shown in
Figs. 17 and 18. Instantaneouscontoursof the spanwise component
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Fig. 18 Instantaneous X z contours for the no-model case at y+ = 10:39.

of vorticity from the no-model case are shown in Fig. 17. Fine-
scale structures of the turbulent boundary layer can be observed
in Fig. 17. Similar contours are presented in Fig. 18. In this case,
however, the view is from above the solid surface, looking down
toward the wall. The surface of the contours corresponds to a � xed
vertical grid location, which at the in� ow boundary is situated at
a distance above the wall of yC D 10:39. An increase in vorticity
downstream of the corner due to the shock interaction is clearly
observed.

Summary
A high-order compact difference scheme was used to perform

LESs for the Mach 3.0 � ow past an 18-deg compression ramp.
Both the Smagorinsky20 and dynamic4 subgrid stress models were
considered in the computations, along with a simulation in which
no model was employed.

Solutions compared favorably with experimental data taken at
much higher Reynolds numbers and with the previous computa-
tion of Adams.17;18 Because of differences in the in� ow pro� les
between the present and previous simulations, which could not be
matched, it was expected that variations in the resultant solutions
would occur. The hybrid numericalmethod, which employed a Roe
upwind-biased scheme locally in the vicinity of shock waves, and
the high-orderscheme elsewhere,was found to be an effective tech-
nique for capturing the shock while maintainingaccuracyin smooth
regions of the � ow� eld. This technique, therefore, appears promis-
ing as a means performing DNS and LES of � ow� elds containing
strong shock waves.

LESs appeared relatively insensitive to the exact form of the sub-
grid stress model employed. For the mean � ow� eld, the maximum
value of the eddy-viscositycoef� cient ¹t evolving from the simula-
tions was 4.4 for the dynamic model4 and 9.0 for the Smagorinsky20

model. These maximums occurred in the region near the foot of the
shock wave. Similarly to the solution of Adams,17;18 no large-scale
shock-wave motion was observed.
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